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We investigate the glass and the jamming transitions of hard spheres in finite dimensions d, through a revised cell theory, that
combines the free volume and the Random First Order Theory (RFOT). Recent results show that in infinite dimension the ideal
glass transition and jamming transitions are distinct, while based on our theory we argue that they indeed coincide for finite d.
As a consequence, jamming results into a percolation transition described by RFOT, with a static length diverging with exponent
ν = 2/d, which we verify through finite size scaling, and standard critical exponents α = 0, β = 0 and γ = 2 independent on d.
1 Introduction
The transition between a fluid to an amorphous solid phase
is common to many disordered systems, such as molecular
liquids, colloids, granular materials and foams, and its under-
standing is one of the major problems in condensed matter. In
a seminal paper1, an universal jamming phase diagram was
proposed to unify the transition of structural arrest of differ-
ent systems, including the glass and the jamming transitions.
However, within a mean field or the infinite dimensionality
limit a distinction between the glass transition of liquids and
the jamming transition of granular materials was posed in an
analytical study of frictionless hard sphere particles3–7. As il-
lustrated in Fig. 1a, this approach predicts that on increasing
the pressure, the equilibrium liquid line reaches a dynamical
transition point, and then terminates at an ideal glass transition
critical point, just like in the Random First Order Transition
(RFOT) scenario first introduced by Kirkpatrick, Thirumalai
and Wolynes8 and later developed by Wolynes and collabora-
tors9,10. At higher pressure, the mean field approach predicts
a glass transition line that ends in the infinite-pressure limit
at a jamming transition point. Here the gap between neigh-
bour particles vanishes with a critical exponent, as the pres-
sure diverges. Surprisingly this and other critical exponents
are found 5 to be consistent with those found numerically in
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finite dimensions15,18.
One important question is whether this overall scenario sur-
vives in finite dimensions. One possibility is that in finite di-
mensions this scenario disappears, the glass transition being a
purely kinetic dynamic transition with no diverging static cor-
relation length16,17. Alternatevely, according to RFOT, the dy-
namical transition19–21 becomes a crossover towards the ideal
glass transition, where a static critical length associated to the
cooperative rearranging regions8–10, as originally introduced
by Adam and Gibbs22, diverges. However, in this scenario it
is not clear4,58 whether the ideal glass transition and the jam-
ming transition would coincide60 or not11,12 in finite dimen-
sion.
In this paper, we investigate the relation between the glass
and the jamming transitions in finite dimensions, extending
the Cell Theory of the Glass Transition23, which reproduces
the essential features of Free Volume Theory2,24,25. Work-
ing within the RFOT scenario, we extend the cell theory tak-
ing into account the existence of cooperatively rearranging re-
gions8–10. As a consequence, local properties like the free
volume distribution are modified due to the presence of the
cooperative length. Starting from this free volume distribu-
tion, we give arguments indicating that for hard sphere sys-
tems the cooperative length diverges at the jamming transition
density. As a consequence, as illustrated in Fig. 1b, the ideal
glass critical density ρK coincides with the glass close packing
density3, or ideal jamming density ρ j, where the cooperative
length diverges as ξ ∼ (ρ j−ρ)
−ν , with ν = 2/d according to
the RFOT. The experimental jamming transition realized via
an out-of-equilibrium protocols11–14 is expected to occur at a
protocol dependent volume fraction bounded by ρ j, as also il-
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Fig. 1 Schematic phase diagram for a hard sphere system. The full
line represents the ‘equilibrium’ equation of state within the
metastable fluid phase, while dashed lines represent
out-of-equilibrium compression protocols. The infinite pressure
limit of these lines define the jamming line. Panel a illustrates mean
field results elaborated from Fig. 4 of Ref.4, while panel b illustrates
the finite dimensional scenario58 supported by our results. Here the
ideal glass transition critical density ρK coincides with an ideal
jamming critical density ρ j, both being located at the end of an
equilibrium line.
lustrated in the figure. The identification of the glass and of
the jamming transitions is supported by the fact that ξ results
proportional to the hyperuniform length, considering that hy-
peruniformity has been proposed as an essential property of
the maximum jamming density30–33.
We checked the prediction for ν via large-scale simula-
tions using finite size scaling at the jamming transition, where
we find numerical values in 2d and 3d in excellent agree-
ment with the predicted exponent ν = 2/d. This critical point
can be described as a mixed order percolation transition, with
the order parameter jumping discontinuously at the transition,
β = 0, the mean cluster size diverging with exponent γ = 2,
and the number of clusters of size ξ vanishing with an expo-
nent 2−α = 2 independent on the dimensionality. We name
this percolative description of the RFOT theory Random First
Order Percolation Transition, RFOPT. This scenario is quite
different from other mixed-order percolation transition, such
as the boothstrap percolation26–29. The hallmark of RFOPT
is the presence of critical exponents that do not depend on
the dimensionality, which is a typical property of the jamming
transition.
2 Cell Theory
We start by shortly reviewing the Cell Theory of the Glass
transition23,35,36, that combines lattice theories of liquids37
and the ideas of inherent structures, free-volume theory, and
geometrical packing properties to understand the complex dy-
namics of glass-forming liquids, granular packings, and amor-
phous solids. In the lattice theory of liquids37, the system is
divided in N identical cells each corresponding to the unitary
cell of the underlying crystal. Analogously, in the cell theory
of glass–forming liquids, the system is divided in N Voronoi
cells corresponding to the generic underlying inherent state,
but one also considers that there are Ω statistically indepen-
dent inherent states. Consequently, the partition function of a
system of N hard sphere particles in a volume V is:
Z = ∑
{N(n)}
Ω({N(n)})e−βF({N(n)}), (1)
where
F({N(n)}) =−kT ∑
n
N(n)
[
ln
v f (n)
ΛdP(n)
]
, (2)
is the free energy of the inherent states23,35,36, Λ is the de
Broglie length, n is a discrete index referring to the proper-
ties of the cell, N(n) the number of cells sharing the same
index n, v f (n) the ‘free volume’ associated with a particle in
a cell37. P(n) is the probability to find a cell with n that
is single-occupied. The free volume37 of a particle is the
volume the particle can explore, averaged over all possible
configurations of the other particles, in a system restrained
to single occupancy of cells. The quantity Ω({N(n)}) in
Eq. 1 counts the number of distinct space–partitions (asso-
ciated with the inherent states) made with the same set of
{N(n)}. The key elements to be estimated in Eq. 2 are P(n)
and Ω({N(n)}). At high density, which will be always con-
sidered throughout the paper, all Voronoi cells of the under-
lying inherent structure are essentially singly occupied and
P(n) ∼ 1. Ω({N(n)}) can be estimated23,35,36 as the num-
ber of distinct configurations that can be made by positioning
in different ways the N cells distributed in groups of N(n),
namely Ω({N(n)}) = N!/∏nN(n)!. The partition function,
Eq. 1, can be calculated via a saddle-point approximation,
where the sum over all the distributions {N(n)} is replaced
with the contribution from a distribution N∗(n) which mini-
mizes the total free energy lnZ. From this23,35,36, it is possi-
ble to derive the distribution of the free volumes, that in the
continuum limit becomes p(v f ) =
4
Γ(2)
v f
〈v f 〉
2 exp
(
− 2
v f
〈v f 〉
)
,
where
〈
v f
〉
is the average free volume per particle and Γ(.)
is the Gamma function. The distribution essentially coincides
with the distribution originally evaluated within the free vol-
ume theory2,24,25, which predicts a simple exponential form.
3 Extended Theory
The cell theory can be extended to take into account the pres-
ence of the cooperatively rearranging regions of RFOT8–10,
one could identify through a set-to-point correlation ap-
proach49. Within RFOT the system is partitioned in droplets
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of linear size ξ that, as in first-order transitions, have a free
energy of nucleation containing a volume term plus a surface
term. In standard nucleation theory the surface term is pro-
portional to ξ d−1, while in RFOT it is argued that the sur-
face term is proportional to ξ θ with θ = d/2, d being the
space dimension (see also38,39 for further elaboration and a
discussion of other possible values of θ ). The theory predicts
that the configurational entropy sc vanishes as the size of the
droplet diverges sc ∼ 1/ξ
d−θ , while the relaxation time di-
verges exponentially. Since the total entropy inside the droplet
is ξ dsc ≃ ξ
θ , according to RFOT the number of effective de-
gree of freedom of a droplet scales as ξ θ . The overall number
of degree of freedom, which equals the number of droplets
times the degree of freedom per droplet, is thus reduced by a
factor λ = (ξ/r0)
d−θ , with r0 a characteristic size such that
ρrd0 = 1, with ρ being the particle density. Within the cell the-
ory, this leads to a reduction in the number of configurations
Ω, appearing in the partition function, Eq. 1, which now be-
comes Ω({N(n)}) = (N/λ )!
∏n(N(n)/λ )!
, where (N(n)/λ ) physically
represents the number of particles which are able to move
characterized by the same cell index n. Using Stirling’s ap-
proximation:
lnΩ({N(n)})≃−∑
n
N(n)
λ
ln
N(n)
N
. (3)
Following the same procedure as for the case λ = 1 we derive
a new free volume distribution
p(v f ) =
kk
Γ(k)
vk−1f〈
v f
〉k exp
(
− k
v f〈
v f
〉), (4)
with40 k = 1+λ . From Eq. 1, Eq. 3 and Eq. 4 we find:
lnZ
N
=
∫
p(v f ) ln
v f
Λd
dv f + sc, (5)
where sc = −
B
λ is the configurational entropy, Eq. 3, with
B =
∫
p(v f ) ln p(v f )dv f being a smooth function of
〈
v f
〉
.
Since λ = (ξ/r0)
d−θ , we recover ξ ∝ s
1
θ−d
c as in RFOT. For
molecular liquids Kauzmann assumed42 , sc ∝ (T − Tk). In
hard sphere systems, where the control parameter is the den-
sity and not the temperature, one assumes sc ∝ (ρK−ρ). With
this assumption, the critical behaviour of the correlation length
is ξ ∝ (ρK−ρ)
−1/(d−θ) and, for θ = d/2, ν = 2/d.
The free volume distribution Eq. 4 tends to a delta func-
tion in the limit k → ∞, i.e. sc → 0. In this limit, ξ → ∞
and ρ → ρk. Accordingly, if ξ diverges for all values of the
density between ρk and ρ j, then the free volume distribution
is a delta function in this density interval. This scenario is
in princple possible, also considering how the free volume is
defined within the cell theory of liquids, but it is contrary to
the expectation that, due to the disorder of the system, only at
jamming the free volume distribution would be a delta func-
tion. We therefore argue that the volume distribution is a delta
function only at jamming. This assumption implies ρ j = ρK ,
and
ξ/r0 ∼ (ρ j−ρ)
−2/(d−θ). (6)
We stress that the coincidence of the jamming transition and
the glass transition does not depend on the assumed value of θ ,
which is an important point as the value of θ is controversial
and of difficult experimental determination. Note that, since
p(v f ) approaches a δ -function for
〈
v f
〉
→ 0, our approach
predicts that the ideal jammed configuration has no rattlers, as
in mean field41.
From Eq. 6 one determines the dependence of k on ρ
and therefore, assuming43
〈
v f
〉1/x
= A(ρ j − ρ) where A is
a constant, the dependence of k on
〈
v f
〉
. This allows to
derive the equation of state from Eq. 4 and Eq. 5, P =
kBT
(
∂ lnZ/∂V
)
N,T
,
P
NkbT
=
x
V −VJ
. (7)
Here ρ j = N/V j is the jamming density corresponding to in-
finite pressure. Free volume theory44 predicted Eq. 7 with
x= d.
From Eq. 7 we find the compressibility to vanish at the jam-
ming transition as κT ∼ (ρ j−ρ)
2
. Using Eq. 6 it follows that
the relation between the compressibility and the cooperative
length is given by κT ∼ (ξ/r0)
−d . Interestingly the vanish-
ing of the compressibility in monodisperse jammed particles
has been linked to the concept of hyperuniformity. More pre-
cisely close to the jamming glass state in 3d it was found
κT ∼ (ξDCF)
−3, where ξDCF , is a diverging length defined
through to the direct pair correlation function30–32. This im-
plies that in 3d the hyperuniform length and the cooperative
length are proportional close to the jamming glass transition
ξ ∼ ξDCF . While the link between jamming and hyperunifor-
mity has been questioned59 our results support the speculation
by Atkinson et al.33 according to which exact hyperuniformity
occurs in packings with no rattlers.
We now examine how the predictions of the extended cell
theory compare to available numerical data. First, we con-
sider the prediction ρk = ρ j, and the related equation of state
of Eq. 7. We remind that ρk is the ideal-glass transition den-
sity identified from the divergence of the cooperative corre-
lation length ξ , while ρ j is the density at which the pressure
diverges, along the metastable fluid branch. A precise mea-
surement of both ρk and ρ j is made difficult by the need of
equilibrating the system, as the divergence of the correlation
length implies the growth of the relaxation time. A numeri-
cal investigation of the dependence of the cooperative correla-
tion length on the pressure, however, found results consistent
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with the correlation length diverging in the infinite pressure
limit, and thus consistent with the ρk = ρ j prediction
71. Pre-
vious numerical investigations of the equation of state along
the equilibrium metastable branch60,65 for monodisperse hard
sphere support the equation of state of Eq. 7. As a side remark,
we note that Eq. 7 is quite robust, as it is also recovered during
the slow decompression of jammed packings produced with a
fast compression, whose jamming density is not the maximal
one43,45. The extrapolated volume fraction at which the pres-
sure diverges along the metastable fluid branch is found to be
φ j = 0.644± 0.005
65 and φ j = 0.640± 0.006
60, and consis-
tent with the maximal volume fraction of disordered jammed
configurations prepared via diverse out-of-equilibrium proce-
dure14,61–64. This supports the idea that the pressure along
the metastable equilibrium branch diverges at the upper bound
of the j-line, as in Fig. 1b. Of course, numerical results are
not a proof. In particular, we note that the numerical esti-
mates of the pressure/density at which the correlation length
diverges are notoriously difficult. In addition, the estimate of
ρ j need to be considered with care as it is difficult to equi-
librate hard sphere systems at high densities, because partial
ordering might intervene.
The other predictions of our theory, namely the form of the
free volume distribution along the metastable fluid branch, and
its convergence to a delta function as ρ → ρk, which implies
the absence of rattlers, cannot be directly tested against litera-
ture data. Indeed, previous investigations considered the free
volume distribution of the particles averaging over different
configurations, in the liquid phase68–70 or in out of equilib-
rium high density states43, while within the cell theory the
free volume of a particle is the average over the configurations
of a same inherent structure. Since these two measurements
give different results for crystals, unless the system is close
packed, we expect them to also give different results along
the metastable liquid branch, unless the system is at the ideal
transition, where according to both definition the free volume
distribution is a delta in zero, and the system has no rattlers.
We also notice that in monodisperse systems the fraction of
rattlers along the j-line has has been found43 to vary from
1.7% at φ = 0.6392 to 1.6% at φ = 0.6419, in agreement with
the possibility that the number of rattlers vanishes at ρ j. How-
ever, a detailed investigation of this issue should be carried
out. In this respect, we remind that jammed configurations
are produced through out-of-equilibrium protocols, so that the
fraction of rattlers is also protocol dependent72. For instance,
for large system sizes the fraction of rattlers of jammed pack-
ings of hard-sphere systems converges towards 0.025-0.030,
for packings prepared using the Lubachevsky-Stillinger algo-
rithm, and towards 0.015, for packings prepared using the
Torquato-Jiao protocol34.
4 Random First Order Percolation Transition
The above results allow to interpret the jamming glass transi-
tion as a percolation transition, we name Random First Or-
der Percolation Transition. This is a percolation transition
of compact clusters49 of linear dimension ξ and fractal di-
mension D = d 46–48. The size s∗ of the critical cluster is
given by s∗ ∼ ξ d . As the transition is approached the num-
ber density of critical clusters vanishes as ξ−d , and the perco-
lation probability jumps discontinuously from 0 to 1. Adapt-
ing the standard scaling ansatz51–53 for the cluster size dis-
tribution n(s) to this peculiar random first-order percolation,
we obtain n(s) ∼ 1/sτ f (s/s∗), where f (x) is a rapidly de-
creasing function for x≫ 1, that scales as f (x) ∝ x−τ with
τ = d/D+ 1 = 2 for x≪ 1. The number density of clusters
scales as
∫
n(s)ds ∝ ξ−D(τ−1) ∝ (ρ j − ρ)
2−α . Thus, given
Eq. 6, and assuming θ = d/2 (see below for the influence
of the value θ ), we find α = 0. The mean cluster size51
S = ∑ s2n(s)/∑sn(s) diverges at jamming as a power law
S ∼ (ρ j − ρ)
−γ with γ = ν(d +D)/2 = 2. The critical ex-
ponent associated to the order parameter is β = ν(d−D) = 0.
Summarizing, these exponents satisfy the scaling and hyper-
scaling law:
2β + γ = 2−α = dν. (8)
Interestingly we have α = 0, β = 0, γ = 2 which are inde-
pendent on the dimensionality. A similar independence of
the critical exponents on the dimensionality characterizes the
jamming transition. The only exponent depending on the di-
mensionality is ν that equals 2/d. This exponent can be es-
timated via standard finite-size scaling of the jamming transi-
tion density, ∆ρ(N) = ρ∗j −ρ j(N), where ρ
∗
j is the estimated
jamming density in the thermodynamic limit, and of the width
of the jamming probability distribution, σ(N), that scale as
∆ρ ∝ σ ∝ N−1/dν . It is in principle impossible to check this
prediction, as it refers to the equilibrium jamming point which
is not accessible in the simulations. However, one might ex-
pect the critical exponent to be the same for all jamming vol-
ume fractions. Literature investigations of these scaling rela-
tions14,18,54,58 conducted at the smallest value of the jamming
volume fraction along the J–line do not unambiguously fix the
value of ν 55. We have evaluated the probability distribution of
the jamming thresholds through large-scale simulations, using
different jamming protocols to access different volume frac-
tions along the J–line. Our results, reported in Fig. 2, show
that ∆ρ ∝ σ ∝ N−1/2 in both 2d and 3d, consistently with our
theoretical prediction, ν = 2/d.
We stress that this scenario refers to the transition as ap-
proached from the unjammed phase, the other side of the tran-
sition being not accessible in hard-sphere systems. In soft
sphere systems, one might observe different geometrical ex-
ponents above the transition should the jammed and the un-
jammed phase be separated by a singularity56. In addition,
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Fig. 2 Finite size scaling of the jamming probabilities of soft
particles interacting via an Harmonic potential, in two and three
dimensions. We show data for a mixture of particles with size ratio
1.4 and, in three dimensions, also for a monodisperse system. The
jamming probability is computed as the average over 102−103
independent configurations for every system size N and volume
fraction φ = ρvp, with vp average particle volume. The
configurations are prepared minimizing the energy with the CG
protocol18,54. The distributions are well approximated by an error
function, from which we extract a size dependent jamming volume
fraction, φJ(N), and a width, σ(N). We find
φJ(∞)−φJ(N) ∝ N
−1/2, where φJ(∞) is the system and protocol
dependent jamming volume fraction in the thermodynamic limit, as
illustrated in panel a, and σ(N) ∝ N−1/2, as illustrated in panel b.
Panels c and d illustrate the collapse of the jamming probability
distributions. Analogous results are obtained for monodisperse
systems, in three dimensions, as well using a different preparation
protocol14 to explore the J-line.
above the transition other exponents, satisfying their own scal-
ing relations, describe the elastic response of the system57.
The percolation exponents depend on the value of θ , in par-
ticular for a generic value of θ one finds α = 2− d/(d− θ ),
γ = d/(d− θ ), ν = 1/(d− θ ). However the exponents still
satisfy the scaling and hyperscaling relation of Eq. 8. In any
case the value ν = 2/d suggested by the finite size scaling
reported in Fig. 2 are consistent with θ = d/2 as assumed.
5 Conclusions
In conclusion using a cell theory previously developed, com-
bined with the RFOT approach, we have suggested that for a
monodisperse hard sphere system in finite dimension the ideal
glass transition, where the cooperative length of the RFOT
diverges, coincides with the ideal jamming transition which
occurs at infinite pressure at the end of an equilibrium line
where the jamming density is maximal without rattlers, as in
Fig. 1b. Following9,22, the relaxation times τ diverges a la
Vogel-Fulcher on approaching the jamming glass critical den-
sity, ττ0
= exp(A/(ρ j−ρ)). Using the properties of the RFOT
theory we have been able to describe this glass jamming criti-
cal point as a Random First Order Percolation Transition. This
allows rationalizing the critical behaviour of the jamming tran-
sition in terms of an order parameter which jumps discontin-
uously, a critical length with a critical exponent dependent on
the dimensionality, and all other critical exponents indepen-
dent on the dimensionality. These exponents satisfy scaling
laws typical of critical phenomena, Eq. 8. We note that it
is possible to associate other critical exponents to the jam-
ming transition. This is common within percolation theory
where, besides usual critical exponents obeying standard scal-
ing laws, many other critical exponents are introduced, related
to quantities, like shortest path, backbone, elastic properties
and so on51–53, reflecting structural properties of the critical
clusters. Some of the theoretical predictions, such as the co-
incidence between ρk and ρ j, are supported by numerical re-
sults, while others are currently difficult to test. Thus, our pa-
per may stimulate other research to prove or disprove some of
the predictions we have shown to derive from the unification
of the free volume and of the RFOT theory. If future results
disprove these predictions then some of the basic ingredients
of the proposed approach, such as the free volume theory, the
RFOT, or some of our assumptions, must be reconsidered. An
interesting open question ahead is the generalization of this
scenario to polydisperse systems, that might satisfy a different
equation of state12 and appears to have rattlers at their max-
imum jamming density13, as well as to describe systems of
non-spherical particles67. In summary, our work provides in-
sights that change the current theoretical interpretation of the
relation between the glass and the jamming transitions, sup-
porting the original suggestion of Ref. 1, and proposing a
novel percolative interpretation of this transition inspired by
RFOT.
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